Abstract. We prove that some subquotient categories of exact categories are abelian. This generalizes a result by Koenig-Zhu in the case of (algebraic) triangulated categories. As a particular case, if an exact category B with enough projectives and injectives has a cluster tilting subcategory M, then B/M is abelian. More precisely, it is equivalent to the category of finitely presented modules over M.
Introduction
Recently, cluster tilting theory (see for example [6, 9, 15] ) permitted to construct abelian categories from some triangulated categories. The main aim of this article is to provide a framework generalizing this observation to exact categories. By Buan-Marsh-Reiten [7 Theorem 3.3] in the general case, one can pass from triangulated categories to abelian categories by factoring out any cluster tilting subcategory.
The main aim of this article is to prove the analogous result for exact categories: The quotient of an exact category with enough projectives by a cluster tilting subcategory is abelian. This new result seems a priori less surprising than the one in triangulated categories because these ones are intuitively further to abelian categories. Notice that, applied to Frobenius categories, it is equivalent to the result for algebraic triangulated categories (i.e. stable categories of Frobenius categories, see [10] ). However, most triangulated categories appearing in representation theory turn out to be in fact algebraic, while most exact categories are not Frobenius. In this respect, the case of exact categories can be seen as a generalization of the result concerning triangulated categories, as well as a more natural version.
To support this idea, we give examples coming from singularity theory and from n-representation-finite algebras [16] in last section of this paper.
Let B be an exact category with enough projectives and injectives and M be a full rigid subcategory of B (i.e. Ext objects X which admit short exact sequences
with M 0 , M 1 , M 0 , M 1 ∈ M. In this case, d 0 (resp. d 0 ) is a left (resp. right) M-approximation of X. Finally, ΩM is the class of objects X ∈ B such that there exists a short exact sequence
where M ∈ M, and I is injective.
The main result of this paper (theorems 3.2 and 3.5) is:
Theorem. There are equivalences of categories: This permits to get the following corollary (see Lemma 2.3):
For the sake of generality, note that we have to consider categories of modules over additive categories. For more details about these, see [2, 4] .
The previous results concern categories M L and M R which have not good properties in general. From now on, we suppose that M is n-cluster tilting for some integer n ≥ 2 (see [14, 15] ). Thus, the properties of M L and M R becomes much clearer: in particular,
, and therefore they are exact subcategories of B (see Remark 3.8) . In particular we get
As a particular case of this corollary, we obtain (see Example 4.1)
Corollary. Let S = C X, Y, Z and G be a finite subgroup of GL 3 (C) without pseudo-reflections acting on S. We suppose that R = S G is an isolated singularity. Then, denoting the category of Cohen-Macaulay modules over
where S * G is the skew-group algebra and the idempotent e corresponds to the trivial representation of G.
For example, if G = diag(ζ, ζ, ζ) where ζ is a primitive n-th root of the unity, then
and I is the ideal of CQ generated by the relations
Moreover, if B has an (n − 1)-AR translation τ n−1 as defined in [14] , we can combine the two equivalences in the following commutative diagram of equivalences (see Theorem 3.14):
By duality, if we denote by mod ′ M (resp. mod ′ M) the category of finitely copresented modules over M (resp. M), we get the following commutative diagram:
where ΩM the class of objects X ∈ B such that there exists a short exact sequence
with M ∈ M and P projective. In Section 2, we collect basic material on exact categories. Section 3 contains main results and their proofs. In Section 4, we discuss several examples.
Preliminaries

Exact categories.
In this section, we briefly review the essential properties of exact categories. For more details, we refer to [8] , [18, Appendix A] and [21] . Let B be an additive category. Let us call weak short exact sequences of B pairs of morphisms (i, d) such that i is a kernel of d and d a cokernel of i. Let S be a class of weak short exact sequences of B, stable under isomorphisms, direct sums and direct summands. If a weak short exact sequence (i, d) is in S, we call it a short exact sequence, denote it by
and we call i an inflation and d a deflation. The class S is called an exact structure on B (and B is said to be an exact category) if it satisfies the following properties, equivalent to the original axioms:
• Identity morphisms are inflations and deflations.
• The composition of two inflations (resp. deflations) is an inflation (resp. deflation).
such that g ′ = f h and dh = 0. Thus h factors through i, and therefore g ′ factors through f i. Finally, as f i is an inflation, f i is a kernel of g. If l : W → N satisfies lf i = 0, then there exists a unique morphism k : Z → N such that lf = kd, since d is the cokernel of i. Then by definition of a push-out diagram, there is a unique morphism s : U → N such that l = sg:
Hence g is the cokernel of f i.
An object P ∈ B is said to be projective if for any deflation d, Hom B (P, d) is surjective. A projective cover of an object X ∈ B is a deflation P → X where P is projective. An object I ∈ B is said to be injective if for any inflation i, Hom B (i, I) is surjective. An injective envelope of an object X ∈ B is an inflation X → I where I is injective. The subcategory of projectives (resp. injectives) is denoted by P (resp. I).
As for abelian categories, B is said to have enough injectives (resp. enough projectives) if every object admits an injective envelope (resp. a projective cover).
As in abelian category, if B has enough injectives (resp. projectives), we can consider injective (resp. projective) resolutions and Ext functors as rightderived functors of Hom. Thus, for all X, Y ∈ B, Ext
2.2. Cluster tilting subcategories. From now on, let B be a Hom-finite Krull-Schmidt k-linear exact category with enough injectives and projectives.
Recall that a subcategory M is called contravariantly (resp. covariantly) finite in B if any object B of B admits a right (resp. left) M-approximation, that is a morphism f : M → B (resp. B → M ), where M ∈ M such that every morphism from M to B (resp. from B to M) factors through f .
A subcategory M of B is called n-rigid if
M is called n-cluster tilting, if it satisfies the following conditions:
(1) M is contravariantly finite and covariantly finite in B, (2) X ∈ M if and only if Ext
. Clearly all n-cluster tilting subcategories are n-rigid. The unique 1-cluster tilting subcategory is B. By definition, if M is n-cluster tilting, then P ⊆ M, I ⊆ M.
2.3. The categories of modules over (co-)stable subcategories of B. For any object X, Y ∈ B and a full subcategory C of B, denote by [C](X, Y ) the set of morphisms in Hom B (X, Y ) which factor through objects of C. If P ⊆ C (resp. I ⊆ C), the (co-)stable category C (resp. C) of C is the quotient category C/[P] (resp. C/[I]), i.e. the category which has the same objects than C and morphisms are defined as
We denote the residue class of any morphism f ∈ Hom C (X, Y ) by f (resp. f ) in C (resp. C). Denote by Mod C the category of contravariant additive functors from C to mod k for any category C. Let mod C be the full subcategory of Mod C consisting of objects A admitting an exact sequence:
Lemma 2.3. For any contravariantly finite subcategory C of B which contains P, mod C is an abelian category.
Proof. It is enough to show that C has pseudokernels (see [4, §2] ). Consider a morphism f ∈ Hom B (C 1 , C 0 ). Let
be a short exact sequence with P 0 projective. Then there is a commutative diagram of exact sequences:
where the right square is a pull-back and a short exact sequence:
We claim that g ′ k is a pseudokernel of f . If f h = 0 for a morphism h ∈ Hom B (C, C 1 ) with C ∈ C, then there exists an commutative diagram:
where P is projective. As f ′ is a deflation, there exists a morphism h ′ :
we have the following commutative diagram:
and h factors though g ′ k.
Main results
3.1.
Quotient category of M L by a rigid subcategory M. In this subsection, we assume that M is a rigid subcategory of B which contains P.
Recall that M L is the subcategory of objects X of B which admit a short
be the projection functor. By definition of a rigid subcategory, HX = 0 if X ∈ M. Hence, by the universal property of π, there exists a functor
Lemma 3.1. For any short exact sequence
Proof. Applying Hom B (M, −) where M ∈ M to the short exact sequence, we get a long exact sequence:
This means that the following sequence in mod M is exact:
Thus we get an exact sequence in mod M
The last argument can be understood as the right exactness of the functor
Proof.
• Let us prove that F is full: Let X, Y ∈ M L and α ∈ Hom mod M (F X, F Y ). Consider the following short exact sequences:
By Lemma 3.1, and because
is projective in Mod M, we get the following diagram with exact rows in mod M:
Thus, as e 1 is a deflation, there exists c ∈ Hom M (P, N 0 ) such that the following diagram commutes:
• Let us prove that F is faithful:
there exists a commutative diagram of short exact sequences
and a commutative diagram in mod M
Assume that F (f ) = 0. Then H(f ) = 0 and thus, there exists a morphism β :
) and f 1 = e 1 g. Then, as before, we can complete the following commutative diagram
• Let us prove that F is dense: For any object C ∈ mod M, there is an exact sequence in mod M:
by Yoneda's Lemma, there exists f :
be a short exact sequence with P 0 projective. From the proof of Lemma 2.3, there exists a short exact sequence
Therefore L ∈ M L and there is an exact sequence:
Since both F L and C are cokernels of β, C ≃ F L.
By this theorem and Lemma 2.3, we get the following corollary:
3.2. Quotient category of M R by ΩM. In this subsection we assume that M is a rigid subcategory of B which contains I. Recall that M R is the subcategory of objects Y which admit a short exact sequence
where N 0 , N 1 ∈ M and ΩM the full subcategory of objects X ∈ B such that there exists a short exact sequence 0 → M → I → X → 0 where M ∈ M, I ∈ I. We denote
be the projection functor. By the universal property of π ′ , there is a functor G : M R /[ΩM] → Mod M which makes the following diagram commute:
More precisely, for every short exact sequence
there is an exact sequence
Proof. For any nonzero object M ∈ M, we have an exact sequence
by applying Hom B (M, −). Hence d 0 is a right M-approximation and K(d 0 ) :
then there exists an object I ∈ I and a commutative diagram Remark 3.6. In contrast to Corollary 3.3, we cannot conclude that M R /[ΩM] is abelian. Indeed, it is unlikely that a result analogous to Lemma 2.3 is true for mod M.
Proof. Let X, Y ∈ M R . By definition, there exist short exact sequences
• Let us show that K (and therefore G) is full: Let α : K(X) → K(Y ) be a morphism in mod M. By Lemma 3.4, and because K(M 0 ) is projective, we can form the following commutative diagram
By Yoneda's Lemma, there exist g : M 0 → N 0 and h : M 1 → N 1 such that β = K(g) and γ = K(h). Hence gd 1 = d ′ 1 h, and therefore gd 1 − d ′ 1 h factors through some object I ∈ I. As d 1 is an inflation, we can complete the following commutative diagram:
• Let us show that G is faithful:
Hence, f d 0 factors through some object in I. Therefore, we have a commutative diagram
Then, if N is a push-out of i and d 0 , we can form the commutative diagram
By Lemma 2.1, there is a short exact sequence
• Let us show that G is dense: For any object C ∈ mod M, there is an exact sequence
First, let us form a push-out diagram
where s is an injective envelope of M 1 . Then
is a short exact sequence. By Lemma 3.4, we get an exact sequence
If we denote M ⊥ = {X ∈ M R | Hom B (M, X) = 0}, we get the following corollary:
Since G is faithful, X ∈ ΩM.
3.3. Case of n-cluster tilting subcategories and AR translation. In this subsection, we assume that n > 1 and M is an n-cluster tilting subcategory.
Remark 3.8. The categories ⊥ n−2 M and M ⊥ n−2 are extension closed and thus exact subcategories of B.
Proposition 3.9. The following equalities hold:
Proof. We only prove the first equality. Let X ∈ ⊥ n−2 M and 0 → X d 0 − → I 0 → C → 0 be a short exact sequence with I 0 ∈ I. By definition of an exact category, we get the following commutative diagram
where d X is a left M-approximation and the first square is a push-out. Moreover, we have a short exact sequence
If M ∈ M, we have an exact sequence
Moreover, applying Hom B (−, M ) where M ∈ M to the former short exact sequence, we get a long exact sequence
Suppose that X ∈ M L . Then it admits a short exact sequence
where M ∈ M, we get a long exact sequence
for ∀i ∈ {1, 2, ..., n − 2}. Therefore, X ∈ ⊥ n−2 M.
For any object M ∈ M, we fix a short exact sequence 0 → M → I M → N → 0 with I M ∈ I and denote N by ΩM . Notice that ΩM does not depend on I M as an object of ΩM. Moreover, if f : M → M ′ is a morphism in M then we can form a commutative diagram:
where Ωf := h is uniquely determined by the morphism f in M. Then we get Now, we assume that B has an AR translation τ : B → B with reciprocal τ − . Following [14] , we define (n − 1)-AR translations τ n−1 :
⊥ n−2 P → I ⊥ n−2 and τ − n−1 :
where Ω is the syzygy functor). In fact, the only property we need for these functors is that, if X ∈ ⊥ n−2 P and Y ∈ I ⊥ n−2 , the following functorial isomorphisms hold:
. This is a weak version of [14, Theorem 1.5] .
From this, we deduce easily that τ n−1 induces an equivalence from ⊥ n−2 M to M ⊥ n−2 the inverse of which is τ
Now X ∈ P implies that Ext n−1 B (X, B) = 0, then Hom B (B, τ n−1 X) = 0, which means τ n−1 X ∈ I. Dually X ∈ I implies that τ −1 n−1 X ∈ P. Hence X ∈ P ⇔ τ n−1 X ∈ I. We get the following proposition According to this corollary, we can define reciprocal equivalences:
Thus we get:
Proposition 3.13. The functors µ and µ −1 induce mutually inverse equivalences between mod M and mod M.
Proof. We just check that µ sends an object in mod M to an object in mod M. For any object C ∈ mod M, there exists an exact sequence:
Hence we get the following commutative diagram:
where each column is exact and M ∈ M. Thus Cτ −1 n−1 Ω ∈ mod M. Theorem 3.14. If B has an (n − 1)-AR translation τ n−1 , then we have a diagram which is commutative up to the equivalence
we get an exact sequence: 
As all the isomorphisms used are functorial in M and X, Gτ 1 ≃ µF as functors.
When n ≥ 3, we get an exact sequence
As all the isomorphisms used are functorial, Gτ n−1 ≃ µF as functors.
Examples
In this section, we explain two sources of examples, one coming from Geometry (Cohen-Macauley modules over a singularity) and the other one coming more directly from representation theory (Auslander algebras). These examples have been studied extensively by Iyama (see [14] and [15] ) from the point of view of (higher) cluster tilting theory. It is known by the end of proof of [5, Proposition 2.1] together with the discussion after [3, Proposition 1.1] that End R (S) ≃ S * G where S * G is the usual skew-group algebra (see also [17] ). Thus, in this case, if d ≥ 3, we deduce from Theorem 3.2 that
where the idempotent e = g∈G g #G corresponds to the trivial representation of G.
Remark that, if R is not Gorenstein, then the exact category of CohenMacaulay modules CM(R) is not Frobenius. Moreover R is Gorenstein if and only if G ∈ SL n (C) [22, Theorem 1] . In the Gorenstein case, see also [1] which realizes CM(R) as a generalized cluster category.
For example, if G = ζ Id where ζ is a primitive n-th root of the unity, then for 1 ≤ i < j ≤ d and 1 ≤ k ≤ n − 3 (see [5, 17, 23] for details about the computation).
Recently Herschend, Iyama and Oppermann studied n-representationfinite algebras (see for example [11, 12, 15, 16] ), which are finite dimensional algebras with global dimension at most n and has an n-cluster tilting module. We can apply our results to all of those algebras. From now on, we describe explicitely a simple example taken from [15] . and the ideal of relations R is generated by the mesh relations symbolized by dashed lines. Then, using the method introduced in [15, §1] , one can compute a cluster tilting subcategory M of mod Λ. It is generated by the direct sum of the τ i 2 (DΛ) for i ≥ 0 where τ 2 is the 2-AR translation. Let us compute the τ i 2 (DΛ), each indecomposable module being depicted by its compositions series representation:
